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Abstract 
 
This paper describes the position and stiffness control of planar redundant link mechanisms with elastic elements in order to utilize the 

flexibility of robots. Assigning both of the two-dimensional position and stiffness of an output link as an output vector, the procedure of 
the forward kineto-static analysis for the planar redundant link mechanisms with elastic elements is formulated. The mechanisms have   
elastic linearactuators composed of a coil spring and linearactuator and rotary actuators and multi jointed links. An inverse kineto-static 
analysis to obtain the optimum input motions which can generate the desired position and stiffness of the output link while taking into 
account the motion range of the linearactuator is also conducted and applied to the optimum motion control of the mechanism. Several 
simulations and experiments with a prototype of a planar closed-loop manipulator with 5 DOF and 4 output show the effectiveness of the 
proposed method.  
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1. Introduction 

In the development of high-performance robots which can 
work in human daily life, it is strongly required that these 
robots be endowed with controllable flexibility. Conventional 
methods that give robots flexibility are divided into active 
compliance [1]/impedance [2] control and passive control [3] 
by adding elastic elements to robots. The former method 
needs many sensors and does not obtain high response.  

In this paper, the authors attempted to realize noble passive 
compliance in robots using the latter method. A new closed-
loop link mechanism with elastic elements and redundancy 
was proposed and controlled [3]. In this research, the absolute 
value of output stiffness was set as an objective function, and 
the optimum joint input to maximize the objective function 
while generating the desired motion was calculated. However, 
the value of stiffness could not be specified. 

Thus, in this paper, we propose a new concept to simulta-
neously control both output motion and stiffness of closed-
loop link mechanisms with elastic elements. As an example, 

the concept is applied to a planar link mechanism with elastic 
linearactuators and 5 DOF, and its motion and stiffness con-
trol is theoretically and experimentally examined. 

 
2. Link mechanism with elastic elements 

2.1 Closed-loop elastic mechanism with 5 DOF 

In order to control both two-dimensional displacement and 
stiffness of the output link while utilizing the redundancy of 
the mechanism, a planar link mechanism with 5 DOF as 
shown in Fig. 1 was synthesized. In this mechanism, an output 
link, J4J5J6 is connected with three elastic linearactuators, each 
of which is composed of a linearactuator and a coil spring 
attached at the tip of the linearactuator. One of the elastic lin-
earactuators is connected with a frame with a revolute pair, 
while the others are connected with link arms driven by rotary 
actuators. By driving five actuators, two-dimensional vectors 
of displacement, P(xp,yp), and stiffness, K(Kx,Ky), can be con-
trolled. 

 
2.2 Kinematics 

The position vectors of the revolute joints in the mechanism 
can be represented as 
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Fig. 1. A closed-loop link mechanism with elastic elements and 5DOF. 
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where (xi,yi) (i=1～8) are the coordinates of the joints on the 
frame, (xp,yp,α ) is the position and posture angle of the output 
link, (,) are the coordinates of joints on the moving system, 
and i denotes link length, and 1θ , 2θ  are the rotary actua-
tors. 

The direction vectors of elastic linearactuators can be writ-
ten as 
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3. Forward Kineto-static analysis 

3.1 Force balance equation 

The reaction force of coil spring in the elastic linearactuator 
can be written as 
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where iφ and iδ are the output displacement of the linearac-
tuator and the elastic deformation of the coil spring, respec-
tively. Further, 1 2( )T

p px y α θ θ=Ψ denotes the con-
figuration determination parameters [3] which represent the 
position and posture of all links. The reaction force of the coil 
spring can be calculated with the displacement of revolute 
joints. 

The force balance equations on the output link subjected to 
external force, fe, and moment, eτ , acting on point P on the 
link are derived as 
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By giving actuator inputs ( , )i jφ θ  and setting as 0e =f , 

0eτ =  in Eq. (4), the displacement of the output link, 
( , , )p p px y y , can be solved with the Newton-Raphson method, 
and the configuration determination parameters, Ψ , can be 
determined. 
 
3.2 Output stiffness 

When the output point P is located at ,0 ,0( , )p px y , maintain-
ing force balance, then the point moves to ( , )p px y  due to 
external force. The elastic displacement of the output point 
due to external force is written as 
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In this case, the external force , fe, can be represented by the 
elastic displacement, ∆ , as 
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By partially differentiating Eq. (6) and then setting = 0∆ , the 
stiffness matrix of the output link at balanced situation can be 
derived as 
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After solving the configuration determination parameters, 

the two-dimensional output stiffness, (Kx,Ky), can be calcu-
lated. 

 
4. Inverse Kineto-static analysis 

4.1 Condition in output stiffness 

To obtain the actuator input, ( , )i jφ θ , and to generate the de-
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sired output displacement and stiffness, (Kx,Ky) , the following 
procedure was proposed. 

First, the rotary actuator inputs, 1θ , 2θ , and the posture of 
output link, α , are calculated with Eq. (8). By partially dif-
ferentiating Eq. (8) with respect to 1θ , 2θ  and α , the fol-
lowing system of linear equations can be obtained: 
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By using the pseudo-inverse of matrix, C, the general solu-

tion for Eq. (9) can be given as 
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where # 1( )T T −=C C CC  and ε is an arbitrary three-
dimensional vector.  

By setting ε  as the partial differentiation of objective 
function with respect to 1θ , 2θ  and α , an optimum solu-
tion to utilize redundant DOF can be obtained with the gradi-
ent projection method. For example, to increase the movable 
range of linearactuators, the following vector is given: 

 
2

3

1 1

2
3

1 2

2
3

1

( )

( )

( )

i i i

i

i i i

i

i i i

i

φ δ
θ

φ δ
θ

φ δ
α

=

=

=

⎡ ⎤⎡ ⎤∂ − +⎣ ⎦⎢ ⎥
∂⎢ ⎥

⎢ ⎥
⎡ ⎤∂ − +⎢ ⎥⎣ ⎦= ⎢ ⎥∂⎢ ⎥

⎢ ⎥⎡ ⎤∂ − +⎣ ⎦⎢ ⎥
⎢ ⎥∂
⎣ ⎦

∑

∑

∑

d

d
ε

d

 (11) 

 
4.2 Condition on output displacement 

After calculating 1θ , 2θ  and α , the linearactuator input, 
iφ , can be calculated with Eq. (4) by using the Newton-

Raphson method , which is used in the forward kineto-static 
analysis. Resultantly all actuator inputs can be determined. 

 
5. Experimental validation 

5.1 Prototype 

Fig. 2 shows the prototype of a closed-loop link mechanism 
with elastic elements and 5 DOF. Each elastic linearactuator 
is composed of a DC rotary motor, a ball screw, a linearguide 
and a coil spring as shown in Fig. 3. The principal dimensions 
and spring properties are listed in Table 1. To measure the 
displacement of output point, two rotary encoders and a linear 
potentiometer are mounted on revolute joints J1, J4 and on coil 
springs, respectively. 

Table 1. Dimensions of the prototype and spring property. 
 

Fixed joint [mm] Moving joint [mm] 

1 1( , )x y  (0,0) 1 1( , )ξ η  (0,60) 

7 7( , )x y  (428.5,565.0) 2 2( , )ξ η  (60,30) 

8 8( , )x y  (-428.5,565.0) 3 3( , )ξ η  (30,60) 

Link length [mm] 

1  220 2  220 

Spring Constant [N/mm] Natural Length [mm] 

1k  0.8255 1δ  94.0 

2k  0.8047 2δ  87.5 

3k  0.7917 3δ  87.5 

 

 
 
Fig. 2. Prototype of a closed-loop link mechanism with elastic elements 
and 5DOF. 

 

 
 
Fig. 3. An elastic linearactuator. 

 
5.2 Experimental results 

Fig. 4 shows one example of the measured output dis-
placement in a case where circular motion and the constant 
stiffness, ( , ) (0.8,1.8)x yK K = , are specified as the desired val-
ues. It is confirmed that the mechanism can generate the de-
sired trajectory, while there exists some errors in the x-
direction. Fig. 5 shows the relation between elastic displace-
ment and external force at four positions on the circular tra-
jectory, which are measured with a micrometer and a force 
gauge. It is also confirmed that the mechanism can generate 
the desired stiffness. 
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Table 2. Experimental results for stiffness control. 
 

Stiff. 
Ptn. 

Desired 
(Kx,Ky) 

Measured 
(Kx,Ky) 

Measured 
(xp,yp) 

α 

a (1.60, 0.80) (1.46, 0.77) (-17.5, 348.2) 93.2

b (1.20, 1.20) (1.18, 1.05) (-18.5, 356.3) 78.2

c (0.80, 1.60) (0.79, 1.40) (-17.6, 350.0). 62.5

d (2.00, 0.40) (0.42, 1.92)  (-16.3, 351.2) 17.7

 

 
 
Fig. 4. Measured displacement when circular motion is given. 

 

 
 
Fig. 5. Measured elastic displacement and reaction force. 

 
Then the constant output point displacement, (-20, 350),  

and various desired stiffness vectors are specified. The ex-
perimental results are listed in Table 2. While there exists 
about 15% error in the measured stiffness, the mechanism 
generates the desired output displacement with various pos-
ture angles. It is thus confirmed that the mechanism can gen-
erate the required stiffness by utilizing redundant DOF and 
that the proposed control method is effective and useful. 

 
6. Conclusions 

The motion and stiffness control of a redundant closed-loop 
mechanism with elastic elements are proposed and theoreti-
cally and experimentally examined. The obtained results are 

summarized as follows: 
(1) Based on the balance of reaction forces of elastic linearac-

tuators, the output stiffness of the closed-loop mechanism 
with 5DOF was derived. 

(2) A new inverse kineto-static analysis by using the gradient 
projection method with an objective function on a movable 
range of linearactuators was proposed and formulated. 

(3) A prototype could generate both the desired motion and 
stiffness with the proposed control method. 
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